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Abstract 

In this paper, we prove the asymptotic stability of nonlinear Schrodiger equations on star 
graphs, which partially solves an open problem in D. Noja [8]. The essential ingredient of our 
proof is the dispersive estimate for the linearized operator around the soliton with Kirchhoff 
boundary condition. In order to obtain the dispersive estimates, we use the Born’s series 
technique and scattering theory for the linearized operator. 
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1 Introduction 

In this paper we study the nonlinear Schrodinger equation on star graphs, namely 

f =-Art® + 

\ ri*(0, x) = Uq(x) 

where u^{t,x) : [0, oo)^ C, i = 1 , 2 ,..., A. And x)} satisfies the following Kirchhoff 

condition on [0,oo,)^, 

u®(L0) =G {1,2, ...,A}, 

Ei:u%0)=0. 

1=1 

Nonlinear Schrodinger equations (NLS) in and manifolds have been intensively studied in 
decades. Recently, NLS on graphs become an active research field in the family of dispersive 
equations. 

Before going to mathematical settings, we describe the physical motivations. The two main 
fields the NLS on graphs occurs as a nice model are the optics of nonlinear Kerr media and 
dynamics of Bose-Einstein condensates (BECs). These two different physical situations have 
potential or actual applications to graph-like structures. In the fields of nonlinear optics, for 
example arrays of planar self-focusing waveguides, propagation in variously shaped fibre-optic 
devices and more complex examples can be considered. In S. Gnutzman, U. Smilansky and 
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S. Derevyanko m. an example of a potential application to signal amplification in resonant 
scattering on networks of optical fibres is given. In the fields of BECs there has been increasing 
interest in one-dimensional or graph-like structures, too. In A. Tokuno, M. Oshikawa, E. Dernier 
m and I. Zapata, E. Sols [21], boson liquids or condensates are treated in the presence of 
junctions and defects, in analogy with the Tomonaga-Luttinger fermionic liquid theory, with 
applications to boson Andreev-like reflection, beam splitter or ring interferometers. Eor more 
concrete physical interpretations, consult nn, m-m and references therein. 

Eor NLS with a potential in Euclidean space, the asymptotic stability of solitons was first 
proved by A. Soffer and M. I. Weinstein m for non-integrable equations. In V. S. Buslaev and 
G. S. Perelman [3], the asymptotic stability was proved for one dimensional NLS with special 
nonlinearities. Their work was extended to high dimensions by S. Cuccagna |1|. Eor N-solitons, 
the asymptotic stability was obtained by G. S. Perelman m and I. Rodnianski, W. Schlag, 
A. Soffer [T3|. There are many succeeding works on the asymptotic stability for NLS with or 
without potentials, more references can be found in S. Gustafson, K. Nakanishi, T. P. Tsai |18j . 
S. Guccagna, T. Mizumachi [7| and the references therein. 

The linear and cubic Schrodinger equation on simple networks with Kirchhoff conditions and 
special data has been studied by R. G. Cascaval, and G. T. Hunter |6|. The local and global 
well-posedness of NLS on graphs in energy space was proved by R. Adami, G. Cacciapuoti, and 
D. Noja [T] and R. Adami, C. Gacciapuoti, and D. Noja [2]. In [2], solitary waves were carefully 
studied for pure power subcritical nonlinearities, and it was proved that the soliton is orbitally 
stable in subcritical case. 

In D. Noja [8], the asymptotic stability of solitons for NLS on graphs was raised as an 
open problem. Indeed, [8| conjectured that every solution starting near a standing wave is 
asymptotically a standing wave up to a remainder which is is a sum of a dispersive term and a 
tail small in time. The physical interpretation of the concept is that dispersion or radiation at 
infinity provides the mechanism of stabilization or relaxation, towards the asymptotic standing 
wave or more generally solitons. However, as emphasized in [8j that it’s very difficult to get 
a dispersive estimate for the linearized operator, which partly makes the asymptotic stability 
tough. 

In this paper, we try to solve this problem. However, asymptotic stability is largely open 
for incompletely integrable system even for NLS in Euclidean space partially because dispersive 
method only solves the problem for some special nonlinearities. Therefore, we can not generally 
expect to solve the conjecture thoroughly at present time. In fact, we obtain asymptotic sta¬ 
bility for special nonlinearities via the dispersive method developed by V. S. Buslaev and G. S. 
Perelman |3| under some spectral assumptions. 

Before giving our main theorem, we introduce the definitions of solitons and the linearized 
operator. 
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1.1 Preliminaries and Notations 

The only vertex of the star shape graph T is denoted by v, and the N edges are denoted by 
Cj, the corresponding interval is denoted by le^ = [0,oo), where i = l,2,3...,iV. A function 
u = defined on T means N functions n®*(briefly denoted as n*) defined on e^. We say u 

is continuous, if n*(0) = for i,j = 1,2, The space LP{T), 1 <p < oo, consists of all 

functions u = on T that belong to for each edge e*, and 

II^IU^T) = \\u"\\LP{h.) < oo. 

Similarly, we can define L°°{T) as 

sup < oo. 

Sobolev spaces consists all continuous functions on T that belong to for each 

edge, and the norm is defined as 

l|u||/n"(r) = 'Y < OO- 

i=l,2,...,N 

We can also equip T^(r) and with inner products, namely 

iu,v)L2(^r) = Y ^YJ 

i i 

and 

(u, {u\ Vi) 

i i 0<k<m 

Now we turn to introduce the Laplace operator Ap on the graph T. The details can be found 
in Cattaneo C. [5]. We point out Ap is self-adjoint with domain 

D(Ar) = {u E H^(T) : u is continuous at 0, and —u*(0) = 0}. 

ax 

I 

Furthermore, for g, f E Zl(Ap), it holds 


f d'^ id^ , 

/ -r-rU -—rVidx. 

dx^ dx^ 


(^f)g)L2(p) — (f, g)Hl(P)- 


( 1 . 2 ) 


If is a two-dimensional vector valued function on edge e,-, we need some notations for 
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convenience. We write u as a 2Wdimensional vector, namely 

U = (Wl,l, ^^1,2) ^^2,2, ■■■,UN,1,UN,2Y , 

where ^ 1 , 2 )* is the vector-valued function defined on edge e*. In order to distinguish it from 
scalar-valued functions, we introduce 

[u]j := 

and for simplicity, we usually write [u]i instead of [u]*. 

The corresponding Kirchhoff condition is as follows: 

Wi,i(0) = ^^, 1 ( 0 ), rtj,2(0) = %2(0), for i,j G {l,2,...,iV}; 

N , N , 

E *:“«(»> = »• = 

i=l i=l 

The norms of space and space are given by 

ll^llLP(r) ~ II MillLP(7ei)’ ll'^ll^^™(r) ~ IIMJI_ff’"(7ei)' 

i=l,2,...,7V * i=l,2,...,7V 

We use the terminologies “vector-space on graphs” and “vector-space on graphs” to avoid 
confusions with the scalar case. For a operator A defined on vector-space on graphs, we define 

{[A^u]„[A^u],Y := [^u],. 

The domain of Laplace operator in vector-L^ space on graph T is given by 

Z)(Ar) = {u G H^{T) : u satishes Kirchhoff condition}. (1-3) 

Finally, we point out that Einstein’s summation convention will not be used. Hence the same 
index upper and lower does not mean summation. 


1.2 Solitons 

Standing wave solutions to equation (1.1) are = Wj{x,t,aj), where 


Wj{t, x) = exp{—i(3j -|- i-Vjx)(p{x — bj] a), 
ipa;x = a^‘p/4: + F{ip^)ip, 


aj = {l3j,u!j,bj,Vj),u}j = -(vj - a^). 
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Here I3j,ujj, bj,Vj, a E M, aj is the solutions of the following equation 


/ 3 ' = ujj,u}j = 0 , b'j = Vj,Vj = 0 . 


(1.4) 


If Wj{x,t,aj) satisfies the Kirchhoff condition (K-condition), namely 




Wk{0,t,ak)] 

j=l,2,..,N 


—Wj{0,t,aj) = 0 , 


then we call them solitons. 

We assume that the following three conditions are satisfied by the nonlinearity F. 
(i) is a smooth real function admitting the lower estimate 


F{C)>-CiC'^,Ci>0,^>l,q<2. 

(ii) The point ^ = 0 is sufficiently strong root of F: 

4 T (0 = C 2^^(1 + 0 ( 0 ), P > 0 . 


Moreover, 

U is negative for sufficiently small ip for a ^ 0. 

(hi) For a belonging to some interval, a G A C R+, the function (p U{ip,a) has a positive 
root, Uip{(po,a) ^ 0, where (/?o (= ¥^o(ck)) is the smallest positive root. 

Remark 1.1 Based on (i), (ii) and (iii), we have the existence of profile <p and it is of expo¬ 
nential decay. The existence of solitons satisfying K-condition was studied in [T] for pure power 
nonlinearities. For the nonlinearities satisfying (i)-(iii), it is easy to verify that (1.1) is globally 
well-posed in . The proof is almost the same as NLS, all the ingredients needed especially 
Strichartz estimates are proved in [1]. Furthermore, we can prove 

Proposition 1.1. Suppose that F satisfies {i) to {iii). Then for initial data uq E satisfying 
K-condition, and uolx| E L^, there exists a unique solution u to (1.1) satisfying 

||u||//i < C, ||u|x |||^2 < Ct + c. 


The proof is given in Appendix A. 
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1.3 Linearized equation 

As in [3]. the linearization of (1.1) around the soliton {wj{x,t;aj)} is 

idtXj = -^Xj + F{\wjf)xj + F'{\wj\‘^)wj{wjXj + wj^) 

If we denote 

Xj{x,t) = exp{i^j)fj{yj,t), + ^vjx, yj = xj - bj{t), 

then the function fj satisfies the equation 

idtfj = L{a)fj, 

where 

L{a)f = -A/ + a^f/A + F{ip])f + F '+ /), p, = p{y„a). 
From this, we can get its complexification : 

idtfj = H{a)fj,fj = ifjJjY, 

H{a) = Hoia) + V{a),Ho{a) = (-A^ + 0^4)03, 

V{a) = [F{ip]) + F'{ip))p]]et, + iF\ip])pje 2 , 

where 02 and 63 are the matrices: 



1.4 Main Theorem 

Now we give our main theorem as follows: 

Theorem 1.2. Consider the Cauchy problem for equation (1.1) with initial data 

u-^(0,x) =u^(x), u({x) = Wj{x]a^j) + xi{x), 

where {uq(x)} satisfies K-condition, and b^ = 0, = 0, w? = w, /3° = /3 + ut. for j = 1, 2, 

Assume that the following conditions hold: 

(I) The norm 

M= 11(1 + |xp)xo ||2 + lixolb 

is sujficiently small. 
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{II) The function F is a polynomial, and the lowest degree is at least four. 

{111) Discrete spectral assumption: see Hypothesis A in section 4-T 
{IV) The points Foj are not resonances. 

{V) Continuous spectrum assumption: see Hypothesis B in section 2. 

{VI) Non-degenerate assumption: (i) 7 ^ 0, where is the corresponding profile to <Jo; 

fiij see Hypothesis C in section 2.2. 

Then there exist it+ and f+ E such that 

u = w(x, cr+{t)) + + o(l), 


as t 


LAJ. 

Here cT+(t) is the trajectory of the system jl.jl ) with initial data cr{ 
the norm. Moreover, is sufficiently close to ao. 


a+, and o(l) assumes 



Figure 1: initial data for N=3. 

If the initial datum is given by Figure 1, then as time goes to infinity, the solution converges 
to a soliton shown in Figure 2 with a dispersive term. The difference between the shape of the 
initial datum and that of the soliton is the maximum values of the soliton in three branches are 
taken at the origin, while the initial datum has three peaks. The reason for this phenomenon 
is due to 60 = 'Wq = 0 and the discrete assumption. Part of the explanation for this is given in 
Remark 1.2 below. 

Remark 1.2 Although it seems strange to set 6° = 0, u? = 0, = w, /3° = /3 + wt, it is the only 

case when the solitons satisfy K-condition for the pure power nonlinearities and N odd (see D. 
Noja [ 8 ] ). 

Remark 1.3 The polynomial assumption {II) is not essential, we use it just for simplicity. 
However the spectral assumptions from {IV) to {VI) are essential for dispersive estimates. 
Finally, we emphasize the degree restriction of F prevents us from dealing with mass-subcritical 


7 





pure power nonlinearities. Even for NLS in Euclid space, the asymptotic stability is largely open 
when the equation is not completely integrable as mentioned before. 



Eigure 2: asymptotic solitons for N=3. 

The strategy of proving asymptotic stability involves five steps. First, we obtain the linearized 
equation around the soliton. Second, we split the solution into a modulated soliton and a 
remainder to which we impose some orthogonal conditions to modulate the unstable directions 
of the linearized operator. Differentiating orthogonal conditions gives an ODE system which 
is called modulation equation. Third, we divide the remainder term into discrete part (the 
projection of the remainder to the discrete spectral part of the linearized operator) and the 
continuous part. For the continuous part, we use dispersive estimates to prove it scatters to a 
solution of linearized equation. For the discrete part, we use the modulation equation to prove 
it vanishes as time goes to infinity. Forth, we prove the solution of linearized equation scatters 
to a solution of free Schrodinger equation up to some correction. Finally, we determine the 
limit soliton and the free dispersive term in the main theorem. In fact, the estimates in step 
three imply that the parameters in the modulated soliton converge to some limits which give the 
desired limit soliton in Theorem 1.1. Moreover, the free dispersive term in Theorem 1.1 follows 
from step four. 

The most difficult part is to deduce dispersive estimates for the linearized operator. In B. 
Valeria, and L. I. Ignat m, the dispersive estimates for free Schrodinger operator on graphs 
was proved. However, it is more difficult to prove the same thing for the linearized operator as 
emphasized by [H]. Inspired by the works of M. Goldberg and W. Schlag [S], we split the proof 
into the high energy part and low energy part. For the high energy, a further development of the 
method in can achieve our goal, the essential ingredients there are Born series and oscillatory 
integrations. For the low energy, we use the scattering theory developed in [3], and introduce 
an analogical scattering representation of the resolvent for linearized operator with Kirchhoff 
conditions. With the two techniques, we finally prove the desired dispersive estimates and get 



the asymptotic stability. 

The first step to obtain the dispersive estimates is to get an appropriate expression for the 
resolvent of the free linearized operator (that is the linearized operator excluding the potentials). 
This is done in Lemma 12.21 and Remark 2.1. The basic idea is to translate it to an ordinary 
equation with boundary conditions. The decay of the resolvent of free linearized operator is 
essential for the estimates in high energy part. After introducing new solutions to the scattering 
problem of the linearized operator, an integral expression for the resolvent to linearized operator 
with Kirchhoff condition is constructed. This expression plays an important role in the estimates 
of low energy. 

The second step aims to obtain dedicate estimates. The estimate for Schrodinger operator 
studied in [S] is a quick corollary of the fact that the potential is real-valued. However for 
linearized operator considered here, the estimate is more involved. The other technical 
difficulty is that while applying Born’s series, the leading term becomes an obstacle because it 
does not enjoy enough decay. We single this term out and take advantage of the known result 
of dispersive estimates of free Schrodinger operator on graphs. Because of the decay of the 
resolvent to free linearized operator, the other terms in Born’s series can be estimated together. 

The method described above can treat L^, L^. and weighted estimates together. Indeed 
by integration by parts, weighted estimates can be transformed into corresponding or 
estimates. 

For the proof of Theorem 1.1, we begin with dispersive estimates, which will be proved for 
general N, and general nonlinearities. In fact, only the spectral assumptions {IV) to {VI) are 
required. 

Different from NLS, we need consider dispersive estimates for the following operator: 

[m]j = H{aj)[f]j. 

Although in the setting of Theorem 1.1, we only need consider the case when aj = a, but 
we present most proof in the case when aj may be distinct for distinguished j. Denote the 
semigroup generated by iH by U{t), then according to V. S. Buslaev and G. S. Perelman’s 
paper [3], in order to prove asymptotic stability, we need the following dispersive estimates: 


\\U{t)P,h\\2<C\\hh, 

(1.5) 

\\U{t)Pch\\^<Ct-^/M\h\\^ + \\h\\,) 

(1.6) 

\\pU{t)P,h\\^ < C{l + t)-^/\\\hp-^\\i + ||h||^,i) 

(1.7) 

\\p^U{t)Pch\\2 < C{1 +t)-^/^hp-^\\l 

(1.8) 


where p{x) = (1 -|- |x|) and \\h\\yy = \\hp or \\hp 
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Now we can reduce the asymptotic stability to the dispersive estimates are presented in 
section 4. And we point out that the dispersive estimate we get here is stronger than that of [3]. 

The paper is organized as follows. In section 2, we prove the dispersive estimates for the 
linearized operator. In section 3, we prove the solution to the linearized equation scatters to 
a solution of linear Schrodinger equation on graphs up to a phase rotation. In section 4, we 
accomplish the proof of the main theorem. In addition, we present the proof of Proposition 1.1 
in Appendix A. 

2 Dispersive estimates 

It is obvious (jl.Sp is the corollary of (jl.7p . Hence, it suffices to prove (jl.Sp . (|1.6p and ()1.7p . First 
we prove m- We split the proof into high energy part and low energy part. The original idea 
of our proof comes from M. Goldberg and W. Schlag [9]. 

In order to get dispersive estimates, we need a spectral assumption, namely 
Hypothesis B The continuous spectrum of Ti is crdTi) = [tc, oo) |J(—oo, —tc], where w is 
some positive constant. 

The base space is the vector-L^ space on graph T. Moreover, D{'H) is taken as D(Ar) given 
by ([Op. 

2.1 estimate: High energy part 

For high energy part we have 

Lemma 2.1. Let Aq be a constant to be determined, and suppose x is o smooth cut-off such 
that x(-^) = 0 for A < Aq and x(-^) = 1 for A > 2Ao. Then 

||e*‘^x(^)^cf|L < C\t\-^/^p-^q^, (2.9) 

||e*‘^x(-^)^’cf|L < C\t\-^^qp-^i\q (2.10) 


for all t. 

We will only prove (j2.9p . the proof of (j2.10p is almost the same. Before proving (12.9p . we first 
calculate the resolvent of the free operator [Ji]j = (—A + ujj)63[f]j, where Wj = Define 

R\i = (A — J)“^f, for f G D(Ar). Then it holds that 


Lemma 2.2. 




i.i.i Vm - A r 


mi 


— 1 /- 

"VM(y)dy+—== / e-V^M--y\f^^,{y)dy 

^i/wj - X Jo 
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il 


^/wi+\x ^j,l,i f g—Viiii+Ay 

Jo 


m2 y/Wi + A Jo 


'^fi,2{y)dy+ 


2 Wj + A Jo 


e-V^I"-^l/,.2(y)dy. 


where aj^i^i, bj^i^i are some constants, mi = ^ V'W^i ~ "I 2 = X] + \, and s/wj — X(^ywj + X) 

i i 

is taken sueh that Re{-\ywj — A) > 0 (respectively Re(Y^TXj^) > Oj. 

Proof Since JR\i = — f + \R\i, then from Duhamel principle, we have 

[R\{]j = a,e-v^- + bjeV^^- + ^^ H e-V^\-y\ f^^,(y)dy. 

^■s/Wj - X Jo 

The fact f E R^(r) implies bj = 0. Similarly, we have the same results for i?|. And from 
K-condition, we deduce our lemma. □ 


Remark 2.1. Define aij{X) = Y1 ~ -^i the resolvent ean be 

i ^ i ^ 

written as 


[-^Af]i = e a/ 


— x/w-i—Xx, 


f 


^ y/Wi + X Jo 


„-^Wi-Xy 


fi,i{y)dy+ 


‘Jy/Wj - A Jo 


o-Vw. 


) 

( 2 . 11 ) 

_ 1 fOO - 

^+""/*,2(2/)dy+-^= / e-V^I-?^l/^.2(y)dy. 

^yjwj + A Jo 

( 2 . 12 ) 


When k > 0 is sujfieiently large, and X = k'^ + w, it is easily seen. 


sup |aij(A)| + |a'j(A)| = Ojj < 00; sup |6y(A)| + |6'j(A)| = 6jj < 00. 

X=w+k‘^ ,k'3>l X=w+k'^ ,k'3>l 

We abuse the notation aij here, but it is easy to distinguish the two meanings according to the 
context. 


Proof of Lemma (I2.9|l 

For A > to, let A = + rc. A; > 0, then Lemma [22] yields 


1 /‘°° 1 D 

V s±(^,A:)Jo 2s±(j,/c)Jo 


[R2(A ± iO)/], e-V-.+-+^^-6,,(A:) 

i 

+ 


,-s±{j,k)\x-y\ f. 


fj,i{y)dy 


1 


2y/Wj +W + k‘^ Jo 


y/wi + w + k‘^ Jo 

POO - 

Jo 


fi^fiy)dy 
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where 


s±{j,k) 


+ w + Wj — w — k‘^ < 0; 
Wj — w — k^, Wj — w — k"^ > 0. 


Define Rv{X)^ = (A/ — T-L) for f E D(Ar). Then we have the Born series from the decay 
in k of the free resolvent, 


Rv{X ± Oi) = ^ Rx{X ± 0i){-VRx{X ± Oi))’", (2.13) 

71=0 

where V can be viewed as a multiplying operator by 2N x 2N function matrix. In fact, from 
(12.lip and (I2.12p . for k sufficiently large, we obtain 

||i?A(A±fO)f|L<C^||f||„ 

then we get 

\\VRx{X±m\,<^^\\{\\,\\V\\„ 

and 

{Rx{X ± 0i){VRx{X ± z0))% g) < ^^||f||J|g||^ ||y||- . 

|/c| 

Thus for k sufficiently large, the series in the right of (I2.13p converges in the weak sense. As 
[9], the following equality comes from the fact ||i?v'(A)f||oo < C'(A)||f||i which can be proved by 
Lemma 2.4 below, 

CXD 

{Rv{X ± 0z)f, g) = {Rx{X ± 0i)i-VRx{X ± 0z))"f, g). 

71=0 

Therefore (I2.13P holds in the weak sense. 

Now we introduce the truncation function ("(A) which has support in the unit ball, and equals 
1 in the ball with radial 1/2. Define Cl = C(A/L). In order to prove our lemma, it suffices to 
prove 

sup|(e**^CL(^)x(^)-Pc(^)/,5)| < C'|ir^l|f|lil|g|li- 
1 

For X> w, we have 

(P,(dA)f, g) = ([i?y(A + Of) - Rv{X - 0f)]f, g) dX. 


Due to Hypothesis B and that Aq is sufficiently large, we have 

(e**^CL(^)x(^)-Pc(^)f,g) = [ e^^^xixKLix){Pcidx)?,g) . 

Jr 
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Letting x = + w, then we need estimate 


1 


1 

< — 
- 2tt 


+ 


1 


POO 

/ ([i?y(/c^ + + Oi) — Rvik"^ + w — Oz)]f, g) + w)CL{k'^ + w)kdk 

Jo 

/■OO / OO \ 

J ( ZJ + 0*)(-V^i?A(fc^ + + Oi))”]f, gj + wXUk^ + w)kdk 

/ OO / '^ \ 

( [-Ra(^^ + w — Oi){—VRx{k‘^ + w — Oi))’^]f, gy + w)QL{k^ + w)kdk 

POO 

/ (^[Rx{k‘^ + w + Oi) — Rx{k^ + w — Oi)]f, g) + w)CL{k^ + w)kdk 

Jo 


Define Xhik"^) = + w)(^L{k‘^ + w), then for the third term in above formula, it suffices to 

prove, 

POO 

/ XL{k^)k{Rx{k^ + w + i^) — R\{k^ + w — i^)\^dk < 

Jo 

However, it is equivalent to 


||e**V(J)f||^<Ct-V2||f||^, 

which follows from the dispersive estimate of free Schrodinger operator on graphs in [20] and 
the transformation 


(/i,i, /i,2, /2,i, /2,2, /at,1, /at, 2 )^ ^ e 


—iwt 


fl,2 


Awt f 

e /2,1, 


e J2,2, 




Now, we consider n > 1. 

If k is large enough such that Wj — w — k'^ < 0, dehne 


fj,{i,k) = x/Wi + w + k^, s{i,k) = —f -^/kJ — Wj + 


w, 


then the general term for the integral expression to {—VRx{k‘^ + tc + 0i))”f is 

1 


E 




5{k, ii)6{k, i2)...Sik, 


j V{x)V{xn)---V{x2)fi,Axi)e^v{ Y. <k,ip){Xp,Xp+i)}dxidX 2 ...dXr, 

■^[0.-)" p=rt..,n 


• when= i ,thenfp = Zp+i, e(A:, ip)(xp, Xp+i) = s(fp+i, A:)|xp+i-Xp|, or e(A;, ip)(xp, Xp+i) = 
/i(2p+i, A:)|xp+i — Xpl, where we arrange x^+i = x] 

• when (or then e(A:, ip)(xp, Xp+i) = s{ip,k.)xp + s{ip+i,k)xp+i (or 

e(/c, fp)(xp, Xp+i) = n{ip, k)xp + |u(fp+i, /c)xp+i); 

• 6{k,ii) = x/Wii^ + w + k'^ or 6{k,ii) = —ix/k'^ — + w, r = 1 or r = 2. 

Here we have abused the notation of V, regardless that they mean different potentials. 
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We take a special term for explaining how to bound them, namely 


^wi + Wj + 




/ V{x)V{xn) ■ ■ ■ V{x 2 )fii, 2 {xi)eyip{ e{k,ip){xp,Xp+i)}. (2.14) 


In this case, the corresponding term in [R\{k^ + rc + Qi){—VR\{k‘^ + w ± 0 i))”'f]j is 


o-s{j,k)x 


sij, k) 


3 ^(^n+l _ 


^wi + Wj + k'^ 




v?^n?^n+l 


V{Xn+l)V{Xn) ■ ■ ■ V{x 2 )fii, 2 {xi)exp{ ^ £{k, ip){Xp, Xp+i)}dxi. ..dXn+ 1 , 


p=l,2,...,n 


2s{j, k) 


^-s{j,k)\x-x„+l\ _ 


/rci + Wj + k"^ 




2l,22vM'^n,2n+l 


/ l^(xn+i)F(xn) • • •F(x2)/*i,2(a:i)exp{ E e(A:,v)(xp,Xp+i)}(ixi...(ixn+i. 
From Fubini theorem, in order to estimate we need to estimate 

r» ^OO 

5r(x)y(xn+i)F(a;n) ' ' ' V{X 2 )fn,2{xi)dxi...dxn+idx / + it') 

0,oo)"+2 Jo 

/•M r Y £ik,ip)ixp,Xp+i)} 

E -sij,k)x-siln+l,k)Xn+l ^ ^ ’ C/V PT 

u h u ^ ^ p 

0 * 1 ,i 2 • • • Oin -1 ,in ttjn ,i„+l Ojin+l (11 (^ 


*l,*2v>*n,'in + l 


imr 


r POD 

/ 5((x)F(xn+i)F(xn) • • • F(x2)/ii,2(a:i)dxi...(ixn+ida: / + if) 

/[0,oo)"+2 Jo 

exp{ X; £{k,ip){xp,Xp+i)} 

V ft- • 6- -ft - ^ P=l,2,...,n _ 


2l,22vM'^n2n + l 


(li(fc))^ 


Let X = (xi,..., x„+i) and 


e{x,k)= E K,ir.+i{k)bh,i 2 {k)...bi„-i,i^{k)aji„+^{k) -^ 




2l,22,.--,^n,'in+l 




we claim 


POD ^ -I 

40 , „• ^ 
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Recall 


Jr 

then from changing of variables, dispersive estimates of one-dimensional Schrodinger equation, 
the inequality ||F(/)||i < C'||/||j:^i, and n > 1, we deduce 

roo 

/ k)dk 

Jo 

POO _ 

/ k)dk 

Jo 

j -|- Wj)e^^^k{k^ + Wj — w) ^JkJ + Wj — w)dk 


< 


p -|- Wj)k{k‘^ + wj — w) ^'^^0(x, ^JkJ + Wj — w) 




^lWjtyn/2^L(J^2 _|_ _|_ _ . /p _|_ y^. _ yj'^ 


m 


N 


< t |x| Ojj -b bij + 




The corresponding term of (I2.14h in 


[Ri{k^ + u; + Oi){-VRx{k^ + w± Oi))"f] 




IS 


r roo 

/ g{x)V{xn+i)V{xn) ■ ■ ■Vix 2 )fiu 2 ixi)dxi...dxn+idx / -b rc) 

Jf0.oo')'*+1 Jo 

^-y/w+Wj+k'^X-yfw+Wi^_^-^+k'-‘Xn+l , ip) {Xp , Xp+l)} 


’ [ 0 ,oo) 


J1n + 1 


21,22,.-M^n2n-|-1 

Let 


x/w + Wj + k"^ 


n{x,k) =e^^'^XL{k‘^ + w) 

’^1 ijl r • •t'^njn 

exp{ E e{k,ip){xp,Xp+i)} 
-fe. 


{g{k)r 


^-y/'W-lrWj+k‘^X-y/w+Wi^j_-^+k‘^Xn+l 


x/w + Wj + kJ 


p=l,2,...,n 


im) 

then from Parseval identity, 


poo 

/ (j^^''kl{x,k)\Ydk 

Jo 


< 


F e 


Atk^ 


F{xY^{x, k)) 




xY^ix,k) 


m 


kdk. 
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(2.16) 


where we have used 

_ ^ 1^1 _ ^--^w+Wj+k'^x ^ ^ _ 

^yw + Wj + k? w + Wj + k"^' 

The other terms in g) can be estimated similarly. Therefore ()2.15p and 

(|2.16p give 


oo ( ^ ^ 

< E iKi^i + i)ciir iif(i“:i + i)iiiiisiii*-''" E“j.‘+‘w+5 

n=0 \ i,j 

<a-‘/2||(|i.| + i)f||j||g||j. 


Thus Lemma O follows because V is of exponential decay and Aq is sufficiently large. 

2.2 estimate: Low energy part 

Before going to the low energy part, we recall some results in [3]. For convenience, we use almost 

2 

the same notations. Consider the eigenvalue problem define LIq = x 

k = ■\/ E — Eq, fjL = E + Eq, 


where Refc > 0, and Re^u > 0. Then for D = {/x, k : re/x — im/c > 6 , imfc > —5}, where h > 0 is 
sufficiently small, it holds uniformly in D that there exists solutions (^i and ^2 satisfying 

Cl - ( 1 ) ^ 0(e"^^), X ^ oo 

C 2 - ( 0 ) ~ ^ X ^ oo, (2.17) 

where h{k) = 0(1 + |A:|)“^. Define 

Fi(x,/c) = (C 2 ,Ci), G 2 = Ei{-x,k) (2.18) 

then the resolvent R{E) = {H — E)~^ has the integral kernel 
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Gix,y,E) = 


Fi{x,E)D-\E)Giiy,E)e 3 , y < x- 
G 2 ix,E)D-\E)El{y,E)es, y > x. 


(2.19) 


Meanwhile, 


G{x,y,E + iO) - G{x,y,E - iO) = -—A{x,k)A*{y,k)e 3 , 


( 2 . 20 ) 


where E = k'^ + Eq, A{x, k) = (e(x, k), e(x, —k)), and e(x, k) has the asymptotic representation: 


e(x, k) = < 


Akx 


s{k) 


+ 0{e-^^{k)-^)] A; > 0 


gifca: _|_ 
0 


—ikx 


( 2 . 21 ) 


+ 0 {e-^^{k)-\ k <0 


Moreover it was proved in Proposition 2.1.1 in [3] that there exit solutions E, Q to the eigenvalue 
problem: 

T{x, k) = se*^^[e + 0 ( 6 "^^)], x ^ oo, 

and 

g{x, k) = e-*^^[e + 0(e-^^)] + r{k)E^^[e + 0(6-^=^)], x ^ oo, 
where |sp + |rp = 1 , rs + sr = 0 , and e = ( 1 , 0 )*. 

Notice that all the asymptotic relations above can be differentiated by ^ and x. 

Now we are ready to give the integral kernel for our resolvent Ry- 

Lemma 2.3. We have solutions ^ and <5 to the eigenvalue problem such that 


^{x, k) = sE^^[e + 0 (e-T'"^)], x ^ oo, 
©(x, k) = e-*^*[e + 0 {e-^^)i x ^ oo. 


Proof Set ^ = E, & = Q — ^E, then the lemma follows. 

When Eq = jo^, the corresponding solutions to the eigenvalue problem are still denoted by 
5 and ©. With these notations, we have the following lemma. 


Lemma 2.4. In the setting of Theorem 1.1, namely aj = a, we have 

POO 

[Rvik"^+ w+ iO)I]j = CjiS + Cjd + / G{x,y,k)[f]j{y)dy. 

Jo 

POO 

[Rvik"^ + w - iO)I]j = dj(3 + hj(5 + / G{x,y,k)[f]j{y)dy. 

Jo 


( 2 . 22 ) 

(2.23) 
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where 


Jq ^fk) Jo '^^'^(°’2/,fe)[/]z(y)dy 

Jo Jvfk) Jq 

dj= ^~l^} [ G{0,y,k)[f]i{y)dy + ^ij^ [ dxG{0,y,k)[f]i{y)dy 

W{kj Jo W[k) Jo 

^i=-^4v / G{0,y,k)[f]i{y)dy + ^ij^ [ dxG{0,y,k)[f]i{y)dy. 

W{k) Jo W{k) Jo 

Proof Generally, we have 

poo 

[RvW{f)]j = Cjd + ejd + dj^i(5 + dj^ 2 &- / G{x,y, E)[f]j{y)dy. 

Jo 

For \ = k"^ + w + ie,£ > Q, then condition makes dj^i = 0. 

Considering the K-condition, denote c = (ci, ei, C 2 , 62 ,..., cw, ew)*, then c solves 

Ac = Y, 

where 

^ 5(0, fc) 5(0, fe) -5(0,A:) -5(0,A:) 0 ^ 

5 (0, fc) 5(0, fc) -5(0, A;)-5(0, A:)... 

^ 9,5(0, k) 9,5(0, A:) 9,5(0, k) 9,5(0, A:) ... ^ 

and 



Denote kF(A:) = det(j4), then we get (I2.22F (I2.23P is similar. 
Next, we assume 

Hypothesis (C’) 

Nj^iik) Mj^i{k) Nj,i{k) Mj,i{k) 

W{k) ’ TF(A;) ’ 1P(A:) ’ fF(A:) ’ 
Nj,i{k) M^ijk) Nj^ijk) Nj^ijk) 
W{k) ’ W{k) ’ W{k) ’ W{k) ’ 

are analytic near 0. 

Direct calculations imply Hypothesis (O’) reduces to 
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Hypothesis C When fc = 0, we have det(5"(0, A;), 5^(0, A:)) / 0, det( 93 ; 5 ^( 0 , A;), 9a;5^(0, A:)) 7 ^ 0. 


Lemma 2.5. Define a truneation function which equals 1 in the ball of radial 2 \q, and 
vanishes outside 3Ao, then 

\\e^^'^fi{n)p,f\\^ < ct-^/W\fh + WfWw). 


Proof As usual, we start with the following equality 

= \ [ e'*V(A)^c(dA)f 
Us. 


-‘j 


We only consider A > rc in the integration above as before. From Lemma 12.41 and (j2.20p . for 
A = A:^ + re, we deduce 

[Ec{dX)]j =- — :[cj^{x, k) + ej^{x, k) — dj(5{x, k) — hj(5{x, k)]kdk 
+ k)A*{y, k)93dk. 

li 

Thus we need to estimate 

-j nOQ 

- / e^^^^ ^‘^^fi{k)[cj^{x,k) + ej^{x,k) — dj&{x,k) — hj(S{x,k)]kdk (2.24) 

2vri Jq 

1 /*oo 

+ e^*^^"+'^^mMx,k)A*{y,k)e3[f]fiy)dk (2.25) 

(j2.25p has been dealt with in [3]. It suffices to prove (12.2411 . In fact, we only need to estimate 

/■oo 2 

/ fi{k)cjd{x,k)kdk, 

Jo 

since the other terms are similar. For this term, from Parseval identity, we obtain 


f 


< 


fi>{k)cj^{x, k)kdk 


Fk{e 




\Fk[fi{k)cj^{x,k)k]\\.^ 


<ct-r-‘Y^ l[/].fe)l 

i Jo 

poo 

+ct-^'"Y. iW'Wi 


< ct-F^Y^ 


sup 


+ Ct-i/2^sup 


Fk[ 

Fk 


Ni,j{k) 


W{k) 

^ IT(A:) 


Fk[ ^^^^^ 'il}{k)G{{), y, k)kdix, k)] 
- Mijjk) 

■ W{k) 

il}{k)Gfi),y,k)k^{x,k)] 


dy 


Fi 


ii(k)dxG{Q, y, k)k^{x, k)] 

ll[/klli 


dy 


fi{k)d^G{0, y, k)kS{x, k)] 


2 |ll 




































For I, by (I2.19p . (I2.17p . (I2.18p . Lemma [231 and Hypothesis C, it is easily 


seen 




< 




+ 


+ 


Fk 


^iky Q \ / g(^f.ykx 

0 0 J V 0 

' 0 




rj^m 

I W{k) \ 0 


< 


f ) 0 ((t)-‘.-v») 

1 0 


^ ^ \ s(k)^P{k)\ - X - y) 


[m I.(;) ; j v o o 




+ 


+ 


Fk 

Fk 


Nijjk) I 1 
^ W{k) h{k) 1 

's{k) 


” ' °( 0 0 ) 


< 


+ 


+ 


j 0({t)-‘e->'!')j ({ - x) 

{«#(.;.,:)*» 


Fk 


Nijjk) / 1 
W{k) hik) 1 


0 \ / 1 0 
Z)-* fc 

V 0 0 


i;{k)0{{k)-^e-^^) 


F 


I \ ^n,A-l-yy^ 




< 


^ f ' " I D-‘ik) f ‘ “ 1 s(k)m 

W{k) h(k) 1 } 'do o'' 


+ 


+ 

< c 




Hi 


f) o, 


m 


II is almost the same. For A = —— w, the proof is similar and we omit it. Hence, the Lemma 
follows. 
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2.3 estimates 

Lemma 2.6. For the x Lemma \2.1[ we have 

\\e^'^x{n)Pj\\^<C\\f\\,. 

Proof We use Born’s series again. Notice that n = 0 is trivial. Indeed, in this case, it reduces 
to the dispersive estimates for the free operator For consider 


idtu^ = — Ati* + Wiv}, 


(2.26) 


and {rt*} satisfies Kirchhoff condition, where Wi = jof. Multiply (|2.26p with «*, take inner 
products, then by (jl.2p . we obtain the estimate. 

From now on, we suppose n > 1. We pick up a term in e**^x('H)Pc/ to illustrate the ideas, 
namely 


' [0,oo) 


n+1 


roo 

V{Xn+l)V{Xn) ■ ■ ■V{x2)fii,2{xi)dxi...dXn+l / + Tc) 

Jo 




^-s{j,k)x-s{i„+i ,k)xn+i 


0 

exp{ X; e{k,ip){xp,Xp+i)} 

p=l, 2 ,...,n 


!^2 V • 


sij, k) 


{him 


kdk. 


Let fi = (x2,X3, ...,Xn+i), and 
1*00 

E{k,xi)=j + u;) ^ 

sO'.fc) (mW)“ 

Then by change of variables, Parseval identity and Holder inequality, we have 


L^{dx) 


L‘^{dx) 


< 


< 


< c 


o 

e-^^^’^m{xi,k)mdk 

r X^m{xi,k)dk 

Jo 

j \Jkh + Wj — w){k^ + wj — w) ^^‘^kdk 

Xq^'^E{xi, ^Jk^~-\-lVj'^^){k‘^ + Wj — w) ^^“^k 

roo ( ^ 

/ V'aij + h.j + 

Jo no \ .■ .• 


LP'idx) 
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N 


< 


^Il/ll2 ( ^ + 




where we have used < C'(Ao)- 

Besides this type, we illustrate the following one, which is another typical representative in 
all terms of 


[ V{xn+i)y{xn)---V{x2)fij^,2{xi)dxi...dxn+i[ xUk'^ + w) 

ifo.oor+i Jo 

/ 72 -—;— r 7 ^ exp{ V e(k,ip)(x„,x„+i)} 

^-^yk^+w+WjX-s{l„+l,k)x„+l ^ ^ ^ 


'[0,oo) 


s{j, k) 


{^,{k)y 


kdk. 


*l,*2v,*n 

Since n > 1, it follows from Minkowski inequality and direct calculations that. 


fOO _ 

/ (fi, k)Xy^dk 

Jo 

f exp(—^ k'^ + w + Wjx) Aq^^H(xi, 

■^0 L‘^{dx) 

roo 

/ (/c^ + rc + tCj) ^ ^\E{xi,k)\dk 

Jo 

CWfh r k-y^X^J^k-^dk I a„- + 6,., + I 


< 


< 


' Ao 
N 




< C'(Ao) I flij + bi,j + - 


*0 


The other terms in e**^x(^)-fcf can be treated similarly. Thus we have proved our result. 
Lemma 2.7. For y in Lemma \2.5l it holds 

\\F^^m)Pcf\\2<C\\f\\2. 


Proof From the integral expression of resolvent Ry in Lemma 12.51 it suffices to prove 


f 




y’{k)cj{k)k^{x, k)dk 


<c\\f\y, 


(2.27) 


since the A term has been proved in [3], and the other terms are similar. For (|2.27l) . from the 
asymptotic representation of 5 ) we have 


f 




y’{k)cj{k)k^{x, k)dk 
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< 


poo 

/ e**^'+**"' {k)ksj 

Jo 


+ 


1*00 

/ e^^’^"+^^^i^{k)cj{k)kO{e-'^^)dk 

Jo 


< C\\cj{k)ksj{k)ip{k)\\^ + C\\cj{k)k'ip{k)\\^ 

<c\\c,{k)m\\2- 


We write 


= G{0,y,k)[f]idy + ^^f^J^ d,,G{0,y,k)[f]idy 


W{k) 
= I + II 


From the asymptotic relations, we have 


1 =' ^ 


NjAk) 


r 


1 0 


W{k) Jq y 1 

By Parseval identity, we deduce 

II can be estimated similarly. Hence 


eiky 0 

0 0 


D-A^ " \es[f]idy + ^^^ rO{e-'^y)[f],dy. 


W{k) 


10 


^<C^I|f||2* 


||Cj(A:)V’(/c)||2 < ||f||2* 

Thus we finish the proof of Lemma 2.7. Combined with Lemma 2.6, we have proved (ll.5jl . 

2.4 Weighted estimates 
Lemma 2.8. For x Lemma \2.1{ we have 

||p(x)e**«x(i^)P,/||^ < Ct-3/2||p(x)-V 

Proof The proof is almost the same as the the proof of Lemma 12.11 except for the first step. 
We use the following example to show how an integration by parts leads to the decay: 






n+1 


exp{ X] e{k,ip){xp,Xp+i)} 

- dk 


^-^yk'^+w+WjX-s{in+l,k)x„+l 

s{j, k) 


p=l,2,...,n 


{Ak)r 


/ V{Xn+l)V{Xn) ■ ■ ■ V{x 2 )fii, 2 Ai)g{x)dxdxi...dxn+i. 

J[0,oo)"+^ 
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Define 


T{k,x,x) = XL{k^+ w) ^ 


?^2 1 • • • ;^T! 


, — y/kP'+W + WjX — s{in+l,k)Xn + \ 

s{j, k) 

6^p{ Xy ^{ki'ip){xp, Xp^i)} 

p=l,2,...,n 

{Kk)r 


then 


poo 

/ T{k,x,x)ke^^^’‘^~^'^'^dk 

Jo 


/o 

1 /*oo 

< c- 

t 


/o 


< c- 

t 


T{k,x,x)4re^^^^"^^^dk 

dk 


pOO J 

JO Jk 


Then same arguments as Lemma [2.11 imply our desired result. The other terms are similar, thus 
we have proved our Lemma. 


For low energy part, we use the same technique. 

Lemma 2.9. For ■0 in Lemma \2.fk then under the Hypothesis C, it holds 

{x)-^e^*^^P{H)Pcf < Ct-3/2||(x) f||,. 


Since the weighted dispersive estimates we give here is stronger than [3] , we have to deal with 
A term differently. By noticing A{x, 0) = 0, and it is analytic with respect to k{see [3]), we have 

e^tk^Ht-^^l;{k)Aix,k)A*{y,k)es[f],{y)dydk 

1 poo rj / ^ \ 1 

M V ^''")imMx,k)A*{y,k)ds[f],{y)dydk 

= {lMx,k)A*{y,k)m) esifjMdydk 

1 9 1 

^'''^^mMx,k)A*iy,k)9s[fUy)dydk 

1 /*CXD 1 

^"'"^^''"i(Mpk)A^y,k)myd3[f]Mdydk 

From the asymptotic representation in (I2.21F we can deduce our lemma as what we have done 
in the proof of Lemma 12.51 In fact, roughly speaking, 



A(x, k)' = 0(|x|). 
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The ^ and © terms are similar, we omit them. Therefore, we have proved all the dispersive 
estimates. 


3 Scattering for the linearized operator 

Define a transformation Tg by 


fl,2, f2,l, f2,2, ■■■, fN,l, fN,2f ^ 6 *^/ 2 ,!, 6 *^/2,2, •••, 6 *^/Ar,2)* 


Let Jo be the following operator with the same domain as Ap given in (1.3); 


[^of], = 


-A 


A 


fj,2 


Lemma 3.1. If aj = a, then for any function f G satisfying ||/?^17(t)f||2 < Ct there 
exists a function f+ G such that 

lim ||e-*^*f-r^te*-^o'f+|| =0. 


t—^oo ' 


Proof First, we prove there exists h G such that 


lim ||e-*^*f-e-*'^‘h|| =0. 

Define g(t, x) = , since keeps the L?' norm, it suffices to prove 


■^9{t,x) G L^([l,oo);L^(Jx)). 


Direct calculation shows 


dt 




= \\e^k{J-n)e-^^k\\2 < ||^e"‘^V||2 < C\\p^U{t)f\\^ < Ct-^/^ 


which combined with the transformation T^t gives Lemma 3.1. 


4 Proof of theorem 1.1 

Although, the following sketch is a repetition of the arguments in V. S. Buslaev, G. S. Perelman 
[3], we present it here for the reader’s convenience. Some differences are addressed. 
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4.1 Generalized eigenfunctions 

In L^(M) setting without boundary conditions, we know that there exists at least four generalized 
eigenfunctions, and the root space to eigenvalue zero is exactly four dimensional for subcritical 
pure power nonlinearity. The explicit expressions for them are: 



where vi = -iip{y,a),V 2 , = -ify{y,a),V 2 = a),-U 4 = ^y(p{y,a). They satisfies the 

relations 

= 0 , HU = iU- 

Combining them with the continuity condition, we get four generalized “eigenfunctions” for zero 
to namely 

Bj = j = 1 , 2 , 3 , 4 ; 

and we also have 

T^Ei = ?^E3 = 0, 'H.B 2 = iEi, ?^E4 = iE3. 

Since K-condition is added to the spectral problem, we need check whether the four generalized 
eigenfunctions are “real”. 

In the pure power case, namely F{x) = \x\^, we have the explicit expression for (^, namely 

if{x; a,uj) = sec h^^^{y,y/ojx). 

It is direct to check only Ei and E2 satisfy K-condition, thus we assume 

Hypothesis A: Zero is the only discrete spectrum for T-L{a), the dimension for its root space is 
two, and it is spanned by Ei and E2, where 

El = (ui,i;i, ...,Vi,ViY, E2 == {V2,V2, ...,U 2 ,U 2 )*- 

2 

vi = -i(p{y,a),V 2 = - ipa{y,a). 

a 

4.2 Orthogonality conditions. 

We write the solution u of equation (1.1) in the form of a sum 
uUx,t) = Wj{x,a{t)) +Xj{x,t) 

Wj{x,aj{t)) = + ^Vj{t)x 

y = x-bj{t), ( 4 . 28 ) 
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here = {l3j{t),L0j{t),bj{t),Vj{t)) may not be solutions to (I1.4I1 . but we assume 


I3j{t) = /3{t), bAt) = vAt) = 0, 


(4.29) 


Hence Wj{x,aj{t)) satisfies K-condition, and thus the same holds for {xj}- Let Xji^A) = 

And {fj} is imposed by the following orthogonal conditions: 


N 


= 0 , 


(4.30) 


where fj = ifj,fjY and {Cj,i(^)} are the functions in the root space, namely f,ji = and 
Cj2 = 6 - 

There exists (Tj{t) such that (|4.30l) holds, in fact we have the following lemma: 

Lemma 4.1. Ifxjii^ x) sufficiently small in norm, then there exists a unique representation 
\4.28\) , in which ^.29^ and li4-30\ ) hold. 


Proof First we prove it for t = 0. In the view of (I4.29D . we aim to find /3 and a such that 


N 

XO im ([u^(0,x) - e-^^(p{y,a)],e-^^iq:>{y,a)) = 0 
i=i 

N 

im ([u^(0,x) - e-^f^(p{y,a)],e-^^(paiy,a)) = 0. 

L i=i 

The solvability is the consequence of the nonsingular of the main term to the corresponding 
Jacobian: 


N 


e 0 


where e = ^ ||(/?(y, a) II 2 . Then the existence of {(Tj(t)} follows in the same way as Proposition 
1.3.1 and “important remark” there in [3]. 


4.3 Reduction to a spectral problem. 

Define /3(t) = a;(r)(ir + 7 (t). Differentiate ()4.30p . we obtain the equations for /3(t), namely 
















where Oi(f, (/?) is the linear term of f, and 02 (f) 9 ^) is at least quadratic for f, moreover they 
satisfy the following estimates: 

|Oi(f,v^)|<||fp||2; |02(f,(^)|<||fp||i. (4.32) 

Fixed a > 0, suppose the solution to (I4.31D at time ti is 

= (^1)'(^1)0,0); 


and let /3i = witi + 71 , 


Xj(x,t) = exp(i4>i)g'j(a:,t), =-uiit -'ji. (4.33) 

Since Xj{x,t) satisfies K-condition, we infer that { 5 ^} satisfies K-condition by the special form 
of the transformation. Furthermore g = (< 71 ,^ 1 , gN,gNY satisfies, 

idtg = 'Hg + Dg. 


where the first component of the two-dimensional vector [Dg\j is written as the sum of Dqj + 
Dij -\- D 2 j D^j -\- Dij , and 

2i 

Doj = - e~"^[y'(pix,a) -1- —u}'g:>a{y,a)],Q = ^>i - 
Dij =F'{ip‘^{x,a))(f'^{x,a)[exp{-2in) - Ijgj; 

D2j =[F{ip'^{x,a)) + F'{(p'^{x,a))(p‘^{x,a) 

- F{(p^{x,ai)) - F'{ip'^{x,ai))(p^{x,ai)]gj-, 

Dsj =[F'{ip^{x,a))(p^{x,a) - F'{x, ai))(p‘^{x, ai)]gj] 

D4j =e~^^N{(p{x,a),F^gj), 

where = (jj{t) as before, and N is at least quadratic to gj. In order to determine the 

asymptotic behavior of g, we split it into continuous part and discrete spectral part as follows: 

9j = ki{-iip{x,a),iip{x,a)f + k 2 {g:>a{x,a),(fa{x,a)f + hj{x,t). 


Then the orthogonal condition (I4.30D reduces to 


N 2 N ^ 

E E ki{A^iiai),e3^i{a)) -h E (A/ij, 6'36(a)) = 0, 
i=i*=i i=i 

N 2 N ^ 

E E ki{A^i{ai), 93 ^ 2 {a)) + E (Afij, 6136(a)) = 0, 

_ j=li=l j=l 


(4.34) 


28 







where 


A = 



3— ZQ 


4.4 Nonlinear estimates 

Define Mo(t) = - ag|, Mi{t) = \\k\\, M 2 {t) = \\p^h\\ 2 , M 3 = 1151100, Ato = supMo(r), and 

T<t 

Mi{t) = sup (1 + r)^/^Mi(r), M 2 {t) = sup (1 + r)^/^M 2 (r), Msit) = sup (1 + 

T<t T<t r<t 


(I4.3ip and (I4.32p imply 


Hence 


< 


1 

1-c\\pH\\2 


|02|< 


cWp^fW; 

1-c\\pH\\2 


IIVII + ||w'|| < 1H(M)(1 + + M2f, (4.35) 

where W{M) is a function of Ato to Ats that is bounded near 0. Then we have 

|H| < W{M){Mi + M2f. (4.36) 

Combing (I4.36p and (I4.34p . we get 

A4i < W{M){Mi + M2f. (4.37) 

As §1.4.3 in [3], using dispersive estimates, we can prove 

M 1 +M 2 M 3 < W{M)[M+ {Mi+M2f+ {Mi+M2f+Ml+Mf~\ 

Thus from continuity method, we can prove all Atj are bounded, if M is sufficiently small. 

4.5 The limit soliton 

Since all Atj are bounded, by (I4.35p . we obtain 

||7^|| + ll'^^ll < <^(1 + t)~^- 

Then 7 , oj have limits 700 and ojoo- Thus we can introduce the limit trajectory: 

POO 

13+ = LJ+t + 7+, UJ+ = Woo, 7+ = 7oo + / (w(r) - Woo)dr. 

Jo 


29 














Obviously, a{t) — cT+(i) = 0{t ^), and then 


w{x-,a{t)) — w{x;a^{t)) = 0{t ^), 


(4.38) 


in n L°°. 

4.6 End of the proof 

Let Xj ill decomposition (14.331) be Xj = t), 4>oo = —/3+(t), taking ti = oo, splitting 

g into continuous part h and discrete part k corresponding to 'H{a+), and repeating the same 
procedure, we can prove 


||hp2||2 < Ct-3/2 


and 


i^llL2nL°° ^ Ct 


Recall that h satisfies 



Let h = e + R, where 



We have R = 0{t in n L°°, and 


\\p^U{t)hoo\\2 = 


(4.39) 


In order to avoid confusions, we write u = (ni,ui, ...,un,unY, thus we can state the following 
result: 


u{t) = w(x; a+(t)) + r_^+(t)e hoo + X, 


-mt 


where ||xllL2nL°“ ^ From Lemma 3.1, because of (|4.39l) . there exists f+ G such that 


lim ||e-*^'hoo - = 0 . 

t^oo " 


Note —/3+(t) + uj+t = — 7 +, back to the scalar function u, Theorem 1.1 follows. 
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5 Appendix A. Proof of Proposition 1.1 


The existence of solution u(t, x) is standard. We only give a proof of the estimate ||u|x |||2 < 
Ct + c. Suppose u is the solution, then ux satisfies 


idtux 


(An) X + F ^|u| 


ux. 


(5.40) 


Multiplying ()5.40p by ux, integrating in [0, oo) respect to x, we have 


= J {dxu)dxi\x\‘^u) + j F |up|x|^ 

= / {dxu) dx{u)\x\^ + / 2 x{dxu)u+ / F |u|^|x 


Taking the imaginary part, we obtain 


Thus 


— I |u|^|xp < Cllullji^i ||ux||2 < Clluxllg. 


UXII 2 < Ct + c. 
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